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Abstract—An accurate and direct characterization of high-
microwave resonators using one-port vector network measure-
ment technique is presented. In this characterization, the delay due
to the connector between the resonator and network analyzer is
first deembeded. The elements of the equivalent-circuit of the res-
onator are then readily extracted from the experimental data in a
straightforward manner without any numerical optimization. The
extraction method works very accurately for high- resonators
coupled to external circuits electrically or magnetically, and can
deal with universal cases including external lossy couplings and
weak under-coupled resonators. Parameters such as coupling
coefficient, loaded quality factor, and loaded resonant frequency
can also be directly computed. For the loaded resonant frequency,
an original expression is derived in this paper. This paper also
provides an approximate relation between the loaded resonant
frequency and measured frequency at which the minimum
magnitude of the reflection coefficient occurs. The high accuracy
of the method is demonstrated with two examples, a hollow cavity
resonator and a dielectric loaded cavity resonator, which is also
supported by the well-established one-port multipoint technique.

Index Terms—Critical-points method, high- resonator,
one-port measurement.

I. INTRODUCTION

M ICROWAVE resonators are important circuit compo-
nents for devices like filters, multipliers, and oscillators.

As such, a fast and accurate characterization of the resonator is
essential in assisting circuit designers to accurately predict the
performance of any microwave circuit in which the resonator
is used. Three important parameters associated with a res-
onator are the resonator unloaded factor ( ), the coupling
coefficient ( ), and the loaded resonant frequency ( ). The
unloaded factor establishes an upper limit on the resonator
performance, while the coupling coefficient describes how
the resonator interacts with microwave circuits interfaced with
the resonator. The loaded resonant frequency ( ), on the other
hand, represents the shift of frequency from its natural resonant
frequency ( ) when it is coupled to the external circuit.

A vast number of publications have been reported on the char-
acterization of the resonator factors [1]–[12]. Ginzton [1] and
Podcameni et al. [2] had devised a graphical method to deter-
mine the resonator factors, which was further developed and
used by Khanna and Garault [3] in the computation of the
factors of a dielectric resonator coupled to a microstrip line.
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However, such an approach requires the construction of a linear
frequency scale or the arcs on the Smith chart, su-
perimposed with the resonator measured reflection coefficient
locus in order to determine the factors of the resonator.

The advent of sophisticated network analyzers has allowed
the introduction of a one-port reflection technique [4]–[11] and
two-port transmission technique [5]–[8], [12]–[15] of character-
izing resonator factors. In most of these publications, either
an overly simplified equivalent circuit has been adopted [6]–[8]
or the least-square curve-fitting procedure to the measured data
[4], [5], [9], [13], [14] has been used. In the two-port transmis-
sion method of the -factor measurement, the error in the un-
loaded factor could be large (above 10%) due to the inequality
of the input and output coupling coefficients and the effect of
coupling losses and, hence, as a rule-of-thumb, it is not recom-
mended for overcoupled resonators [15].

In one case, Kwok and Liang [10] has presented a one-port re-
flection technique of characterizing the unloaded factor using
the scalar network analyzer with the help of a lookup table or
plot. However, such a technique requires special arrangement
of the input coupling in order to meet certain criterion. Also,
an additional experimental verification is needed in order to de-
cide whether the measured data is for the overcoupled or un-
dercoupled case. On the other hand, the one-port technique, the
critical-points method, developed by Sun and Chao [11], is fast
and accurate for the measurement of the unloaded . Only four
frequencies are needed from which the unloaded factor is ac-
curately computed from the measured one-port input reflection
coefficient.

In this paper, we extend the work of Sun and Chao [11] to
directly extract all the elements of an equivalent circuit used
to describe a high- microwave resonator and its coupling
elements to the external circuit including the delay due to the
connector. The equivalent circuit of the resonator is extremely
useful since it can be employed in any circuit simulator, such as
the Advanced Design System (ADS),1 for accurate prediction
of the performance of a microwave filter based on the resonator
[16], or it can be used for computer-controlled automated tuning
of microwave filters [17], [18]. From the equivalent circuit, the
unloaded factor, coupling coefficient, and loaded resonant
frequency can be directly computed. For the loaded resonant
frequency, an original expression is derived in this paper, and
an approximate relation between the loaded resonant frequency
and the frequency at which the minimum magnitude of the
reflection coefficient occurs, is given. To illustrate the accuracy

1Advanced Design System, ver. 1.5, Agilent Technol., Palo Alto, CA.
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Fig. 1. Equivalent circuit of a high-Q resonator including coupling losses and
a transmission line with characteristic impedance R .

of the method, the measurement results on two types of res-
onators, namely, a hollow cavity resonator and a dielectric
loaded cavity resonator, are presented and their equivalent cir-
cuits are extracted. The high accuracy of the equivalent circuits,
the factors, and resonant frequencies are supported by the
well-established Kajfez’s one-port multipoint technique [19]
and a circuit simulator software.

II. EQUIVALENT-CIRCUIT MODEL

It is well known that input impedance of a high- resonator
can be represented by a an equivalent circuit shown in Fig. 1.
In the equivalent circuit, the unloaded resonator is represented
by the parallel resonant circuit, characterized by the unloaded
resonant angular frequency , unloaded factor , and re-
sistance , which stands for power dissipation within the un-
loaded resonator. The external loading circuit is represented by
the resistance (typically 50 for a network analyzer) and
a section of the transmission line of characteristic impedance

connecting the resonator to the network analyzer. The cou-
pling mechanism is characterized by an impedance .
The losses within the coupling mechanism is represented by
the resistance , and the extra energy storage introduced by
the coupling mechanism is represented by the reactance .
The value of the reactance can be positive or negative de-
pending on the coupling mechanism applied. For a small cou-
pling loop, one expects the reactance to be inductive and, hence,

, and, for a probe, the reactance should be capacitive
and .

The first step for extraction of the circuit elements is to obtain
the group delay due to the connecting transmission line (con-
nector length). This can be easily accomplished by measuring
the input reflection coefficients of two similar transmission lines
of different lengths, say, and , terminated in an identical load
at the other end, which could be an open or short circuit. If
represents the input reflection coefficient of the load, and
and represent the corresponding input reflection coeffi-
cients with the insertion of the transmission lines at lengths
and , respectively, they are then related by the following equa-
tions:

(1a)

(1b)

where is the propagation constant of the transmission line. For
low-loss line and, hence, the phase constant
can be solved from (1) to give

phase phase (2)

The small loss in the transmission line, in this case, is lumped
into the in Fig. 1, as part of the losses within the coupling
mechanism. Once the phase constant is determined, the effect of
delay due to the connector can be deembedded from the mea-
sured input reflection coefficient ( ) of the resonator to yield
the reflection coefficient at port 1 ( ), as in Fig. 1, which is
given by

(3)

The corresponding input impedance at port 1 can now be repre-
sented as follows:

(4a)

where

(4b)

and

(inductive coupling)

(capacitive coupling). (4c)

For simplicity, the following representation in the vicinity of the
natural resonant angular frequency is used [11]:

for

(5a)

where

(5b)

is the frequency-tuning parameter and

(5c)

is the deviation factor of linearity. Plot of a typical impedance
locus of is given in Fig. 2. The critical points are marked
as and (i.e., ), and the detuned crossover point
are indicated as and (i.e., ), respectively, in
the plot. Applying the critical-points method of the unloaded

computation, can be written as follows [11]:

for (6a)

where

(6b)
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Fig. 2. Input impedance locus of a coupled resonator including coupling losses
and reactance in the vicinity of resonant frequency.

and

(6c)
At resonant frequency

(7)

and at the detuned crossover point ( and )

(8a)

where

(8b)

and

(inductive coupling)

(capacitive coupling).

(8c)

From these two equations, , , and or can be deter-
mined as follows:

(9a)

(9b)

and

(inductive coupling)

(capacitive coupling)

(9c)

Having obtained , , and from (6a), (6b), and (9a), re-
spectively, the resonator elements and can be evaluated
using (4b).

Once the equivalent circuit of the high- resonator is estab-
lished with all its elements determined, the coupling coefficient
( ) and the loaded resonant frequency ( ) can be computed
directly from the circuit by analyzing the impedances seen at
port 2, as illustrated in Fig. 1. The external admittance to the
left-hand side of port 2 is defined as [19]

(10a)

where

(10b)

and

(10c)

The total admittance ( ) at port 2 can thus be written as

(11a)

where

(11b)

and

(11c)

In (11c), is the loaded resonant angular frequency at which
the imaginary part of vanishes. It can be solved, leading to
the original expression (12a), shown at the bottom of the fol-
lowing page, where is the source reactance quality factor
given by

(12b)

and is the corresponding resonator quality factor normal-
ized to the total source resistance given by

(12c)
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which are defined and used here. For the high- resonator, is
close to and, hence, in the vicinity of the resonant frequency,

and parameter in (11c) is approximately one. There-
fore, (11a) can be simplified to give

(13a)

where the loaded quality factor of the resonator

(13b)

and the overall coupling coefficient

(13c)

with

and (13d)

Also, the input reflection coefficient at port 1 is defined as

(14)

For a high- resonator over a narrow band of frequency near
, a detuned reflection coefficient can be defined, which is

given by

(15)

Substituting (15) into (14), an approximate expression for
can be obtained such that

(16)

from which the magnitude of the input reflection coefficient at
port can be written as

(17a)

where

(17b)

(17c)

(17d)

and

(inductive coupling)

(capacitive coupling).
(17e)

Thus, from (17a), a minimum of is expected to occur near
when the second term on the right-hand side of the equation

reaches its maximum at , which is defined as

if

if

(18)
From (18), the relation between and at which the min-
imum of occurs, as observed on a vector network analyzer, can
be easily computed. For large loaded quality factor such that

, is almost zero and, hence, can be
approximated by . The corresponding at is given by

(19)

III. EXPERIMENTAL AND COMPUTED RESULTS

To illustrate the above principle and procedure, two res-
onators, a hollow cavity resonator, and a dielectric loaded
cavity resonator were measured and their equivalent circuits
were extracted separately. At first, using (1) and (2), the
propagation group delay for the connecting transmission line is
evaluated by the differential measurement of two connectors of
different lengths. Shown in Fig. 3 is the measurement results
for a length difference ( ) of 10.5 mm when each connector
was terminated in the same open load.

The average measured group delay per unit length is found to
be 4.469 ps/mm, which is used in subsequent measurements for

(inductive coupling)

(capacitive coupling)

(12a)
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Fig. 3. One-port differential measurement of two connectors � =� for
�l = 10:50 mm.

deembedding the delay due to the connecting transmission line
of a given length when characterizing the two resonators.

The case of the hollow cavity is of over-coupled and the mea-
surements of its input impedance are shown in Fig. 4(a) after the
delay due to the connector is deembedded. The resonator is a
cubic aluminum cavity with an inner side length of 50 mm. The
resonant mode within the cavity is , excited via a probe of
a subminiature A (SMA) coaxial connector placed at the centre
of a sidewall at a distance of 12.02 mm up to the inner wall of
the cavity. The probe has a diameter of 1.27 mm and a length
of 4.0 mm penetrating into the cavity. The electrical delay due
to the connector is 53.72 ps. The radius of curvature at the four
corners of the inner wall of the cavity is 7.0 mm [see Fig. 4(b)].
Copper foil of 0.2-mm thickness was placed between the alu-
minum lid and the opening of the cavity in order to stop the
electromagnetic leakage from the cavity.

For the hollow cavity, the measured frequencies at the critical
and detuned crossover points and their corresponding imped-
ances are summarized in Table I. To quantify the accuracy of
the analysis presented in this paper, the factors, coupling co-
efficient, and loaded resonant frequencies computed using the
present analysis are compared with those computed from the
Qzero computer program developed by Kajfez [19] based on
the multipoint numerical technique. Table II shows the results
for both analyzes. Very good agreement between the two sets of
data is observed.

During the determination of the impedances presented in
Table I, it was found that a large number of points were concen-
trated around the detuned region when the measurement was
taken with 1601 frequency points equally spaced over a span
of 302 MHz on an Agilent 8753D vector network analyzer. In
order to locate accurately the critical points from the measured
data, a second measurement was taken around the resonant
frequency with the same number of points over a narrower
span of 63 MHz from 4.185 to 4.248 GHz. However, a more
advanced vector network analyzer, such as Agilent 8510C
[20] equipped with the frequency segmentation function, over-
comes the problem of insufficient points around the resonant
frequency in the first measurement.

Fig. 4. (a) Deembedded impedance locus (Z ). (b) Assembly of the
overcoupled hollow cavity resonator.

TABLE I
MEASURED FREQUENCIES AT THE CRITICAL AND CROSSOVER POINTS

TOGETHER WITH THE CORRESPONDING IMPEDANCES FOR THE

OVERCOUPLED HOLLOW CAVITY RESONATOR IN FIG. 4(b)

TABLE II
COMPARISON OF PARAMETERS OBTAINED FROM THE ANALYSIS PRESENTED IN

THIS PAPER AND THOSE FROM THE Qzero COMPUTER PROGRAM BY KAJFEZ

[19] FOR THE OVERCOUPLED HOLLOW CAVITY RESONATOR

Using the impedances in Table I in the appropriate equations
in Section II, the elements of the equivalent circuit can be ex-
tracted: , pF, ,

pH, and pF. The corresponding cal-
culated values of and are 4.2156 GHz and 0.7617,
respectively, which are in very good agreement with the mea-
sured values GHz and , shown in
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Fig. 5. Comparison between the measured response ( — ) and the ADS
computed response (�) for: (a) magnitude and (b) phase for the overcoupled
hollow cavity resonator including the delay due to the connector.

Fig. 5. Note that the delay due to the connector is included in the
results in Fig. 5. To support the high accuracy of the extracted
circuit elements, the ADS simulation of the phases and magni-
tudes using the extracted elements are also presented in Fig. 5,
which are almost indistinguishable from the measured ones.

In another example, a dielectric loaded cavity resonator in the
undercoupled condition is measured and the result is shown in
Fig. 6(a). Again the delay (53.72 ps, as in first example) due
to the connector is deembedded. As illustrated in Fig. 6(b), the
resonator is an aluminum cubic cavity with a side of 45 mm,
loaded concentrically with a dielectric cube of a side 29.4 mm
supported by Teflon posts. Like the previous resonator, the ra-
dius of curvature at the four corners of the cavity is 7.0 mm. A
Teflon ring of an inner diameter of 17.0 mm with a thickness of

Fig. 6. (a) Deembedded impedance locus (Z ). (b) Assembly of the
undercoupled dielectric loaded cavity resonator.

TABLE III
MEASURED FREQUENCIES AT THE CRITICAL AND CROSSOVER POINTS

TOGETHER WITH THE CORRESPONDING IMPDEDANCES OF THE

UNDERCOUPLED DIELECTRIC LOADED CAVITY RESONATOR

1.5 mm and a height of 8.8 mm is mounted onto a 1-mm-deep
groove on the aluminum lid. This will help to hold the dielectric
resonator at the center of the aluminum cavity when the cavity
is closed with the lid. Copper foil of 0.2-mm thickness is placed
between the opening of the cavity and the lid to act as an electro-
magnetic choke. The resonant mode within the cavity is
excited via a probe of an SMA coaxial connector placed at the
center of a sidewall at a length of 12.02 mm up to the inner wall
of the cavity. The probe penetrating into the cavity has a diam-
eter equal to 1.27 mm and a length equal to 1.0 mm.

For the dielectric loaded resonator, the measured frequencies
at the critical and detuned crossover points and their corre-
sponding impedances are presented in Table III. The accuracy
of the technique presented in this paper for obtaining the
factors, coupling coefficient, and loaded resonant frequencies
is checked against those computed by the Qzero computer
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TABLE IV
COMPARISON OF PARAMETERS OBTAINED FROM THE ANALYSIS PRESENTED IN

THIS PAPER AND THOSE FROM THE Qzero PROGRAM BY KAJFEZ [19] FOR THE

UNDERCOUPLED DIELECTRIC LOADED CAVITY RESONATOR

Fig. 7. Comparison between the measured response ( — ) and the ADS
computed response (�) for: (a) magnitude and (b) phase of the undercoupled
dielectric loaded cavity resonator including the delay due to the connector.

program developed by Kajfez [19] based on the multipoint nu-
merical technique. Table IV shows the results for both analyses.
As in the previous case, there is very good agreement between
the two sets of results.

Using the impedances in the appropriate equations in
Section II, the extracted elements of the equivalent circuit
for the undercoupled dielectric loaded cavity resonator are

, pF, ,
pH, and nF. The corresponding

calculated values of is 1.795035 GHz and is 0.8089,
which is in good agreement with the measured values of

GHz and , shown in Fig. 7.
Fig. 7 also includes the results of the ADS simulation (com-
puted) of phases and magnitudes when the extracted elements
are used in the simulations. As this figure shows, there is
little difference between the measured and simulated values,
confirming the high accuracy of the extracted elements.

IV. CONCLUSION

A systematic approach to the full characterization of high-
resonators based on a one-port measurement technique has been
presented. The method extends the previously established crit-
ical-points methods of unloaded -factor measurement. With
the additional knowledge of the impedances at specific points on
the impedance locus of the deembedded measured input reflec-
tion coefficient of the resonator, all lumped elements associated
with the resonator equivalent circuit can be extracted and com-
puted directly without any numerical optimization. An original
expression for the loaded resonant frequency of the resonator
is also given and an approximate relation between and
at which the minimum magnitude of the input reflection coeffi-
cient occurs is also derived. For a very high unloaded factor,
this measured , as observed on the network analyzer, could
be taken as in most practical cases. With the aid of two exam-
ples, a hollow cavity resonator and a dielectric loaded cavity res-
onator, the principle and procedure outlined in this paper were
demonstrated. Excellent agreement between the measured and
computed results were observed for both overcoupling and un-
dercoupling conditions, thus confirming the usefulness of the
method.
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